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Abstract 


The main objective of this article is to study the inverse of invertible symbolic 3-plithogenic real square matri- 
ces using the concept of adjoints and characteristic polynomials. Also, the symbolic 3-plithogenic version of 
Cayley-Hamilton theorem was proved and provided enough examples to enhance understanding. 


Keywords: Symbolic 3-plithogenic matrix; symbolic 3-plithogenic adjoint; symbolic 3-plithogenic determi- 
nant; symbolic 3-plithogenic inverse. 


1 Introduction 


The concept of refined neutrosophic structure was studied by many authors in.'+ Symbolic plithogenic alge- 
braic structures are introduced by Smarandache, that are very similar to refined neutrosophic structures with 
some differences in the definition of the multiplication operation.” 


In,'* the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of symbolic plithogenic 
sets with algebraic rings are studied. Further, Taffach”!:*” studied the concepts of symbolic 2-plithogenic vec- 
tor spaces and modules. In,’ the concept of symbolic 2-plithogenic matrices, determinants, eigen values and 
vectors, exponents, and diagonalization are discussed. 


Laterally, many authors defined and studied symbolic 3-plithogenic algebraic structures, such as symbolic 
3-plithogenic rings, vectors spaces and modules.®"!° Recently, Merkepci!® introduced and studied symbolic 
3-plithogenic and 4-plithogenic square matrices and its algebraic properties such as determinant, invertibility, 
Eigen values, diagonalization, etc. 


As a continuation of the previous study of symbolic 3-plithogenic matrices, this work discusses the symbolic 
3-plithogenic adjoint, where the inverse of symbolic 3-plithogenic matrices will be defined in terms of the 
symbolic 3-plithogenic adjoint and determinant. We present the symbolic 3-plithogenic characteristic poly- 
nomials and the symbolic 3-plithogenic version of the Cayley-Hamilton theorem. Also, we illustrate many 
examples to clarify the validity of our work. 
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2 Preliminaries 


Definition 2.1. '° The ring of symbolic 3-plithogenic real numbers is defined as follows: 
3—SPr= {at yP, + 2P2 +tP3; P? = P;, P; x Pj = Pmaxci,j)} 


Addition on 3 — S'Pp is defined as follows: 
[to +21 Pi +x2P2+23P3]+[yotyiPi +y2Pot+y3P3] = (tot+Yyo)+ (a1 +y1) Pit (v2+Yy2) P2+ (x3 +3) P3. 


Multiplication on 3 — SPp is defined as follows: 
[to + 21 Py + toP2 + #3P3] - [yo + yi Pi + yoP2 + y3P3] = (xoyo) + (toy + t1yo + L1y1)Pi + (oye + 
L2Yy1 + Layo + Layo + L1Yy2) Po + (xoys + L1y3 + cay3 + ©3y3 + 73Yo + 3y1 + @3Y2) P3. 


Remark 2.2. '° If we let X = x9 + 21 Pix P> + 13P3 € 3 — SPp, we have the following: 
X is invertible if and only if 7p 4 0,279 + 71 40,49 +2, +22 40,29 +21 +242 +43 4 0, and 


Sie Te ee Ay 1 1 1 1 ; 1 1 
x ~~ X ~~ ax ! Lacks 2] Pr+ lsat =| Po | arate Lot+L1+xX2 Ps. 
Definition 2.3. '° A square symbolic 3-plithogenic matrix is a matrix with symbolic 3-plithogenic entries. 


Remark 2.4. !° Any symbolic 3-plithogenic matrix can be written as A = Ag + A, P, + AP: + A3P3. We 
denote the set of all symbolic 3-plithogenic n-square matrices by 3 — SPy,. 


Theorem 2.5. '° Let S = Sp +S, + SoP2 + S$3P3 € 3— SPy, then the following is true: 


1. Sis invertible if and only if So, So + $1, S09 + $1 + S2, So + $1 + So + $3 are invertible. 


2S = Sa + [(So + Sie = oe | Py + [(So +S) + So) = (So + $1)74] Py, 
+ [(So + 9; + So+ S3)71 _ (So +5) + S2)7] P3 


3. Forn € N, 8S” = S¢ + [(So + $1)” — So] Pi + [(So + S1 + $2)” — (So + S1)"] Pe 
+ [(S9 + Sy + Sp + $3)” — (Spo + S$, + S2)”] P3 


Definition 2.6. '° Let S = Sp + 9,P; + SoP2 + $3P3 € 3 — SPyy, then we define the following: 


det (S') = det (So) + [det (So + S1) oud det (So)|P, + [det (So + Sy + So) cd det (So + S1)]P2 
+[det(So + $1 + Sz + $3) — det(So + $1 + S2)]P3 


Theorem 2.7. !° S is invertible if and only if det(S) is invertible in 3 — SP. 


3 Adjoint of Symbolic 3-Plithogenic Square Matrices 


We begin this section with the following definition. 


Definition 3.1. Let S = So + $1 + SoP2 + S3P3 be a symbolic 3-plithogenic square matrix with real entries. 
The adjoint matrix of S' is defined as 


adj = adj So Ie [adj (So + Si) = adj So|P1 = [adj (So - Sy oe: So) = adj (So + S1)]P. 
+[adj (So ae Sy ag So + S'3) _ adj (So ai Sy ag S'5)|P3. 


Example 3.2. Consider the following symbolic 3-plithogenic 3 x 3 matrix: 


—3+ P,—P.+ Ps 14+P, 5 
= —P, +P» 3P, + 2P3 4P, — P3 
—-1+2P,-—P, 5+2Pp 7+P,+10R)4+P3 
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Here, 
—3 1 5 —2 2 5 —3 2 #5 
So = 0 O O}, So+S,= {1-1 3 0 So +S, + So = 0 3 #44, and 
-1 5 7 1 5 8 0 7 18 
—2 2 5 
So + $1 + S2+ $3 = 0 5 38 
0 7 19 
Then, 
0 18 O 24 9 —15 
adjSg =|0 -16 O], adj(So+ $1) = 8 -ll —5 
0 14 O —2 8 —4 
26 -1l —-7 74 -—3 —-19 
adj(So +S, +$9)= {0 —54 12 and adj(S9 +S, +S5,+S53)=| 0 —38 6 
0 21 —9 0 14 —-10 
Therefore, 
adjS = adjSot+ [adj (So + Si) _ adj So|P1 + [adj (So + S$; + So) _ adj(So + S1)] P2 
+[adj (So + S$, +S e+ S3) — adj (So + S$) + S'2)| P3 
0 18 #2O 24 -9 —-15 2 -10 8 48 -—2 —12 
= 0 -16 O] + 8 -5 -5 |] P,+]-8 -43 17]P4+1]0 16 —-6 |] P3 
0 14 +O —2 -6 -4 2 13 —5 0 -—7 -1 
24P, + 2P) + 48P3 18 — 9P, — 10P) — 2P3 —15P, + 8P) — 12P; 
— 8P, — 8P2 —16+5P,+438P):+16P; —5P, +17P)—-— 6P3 
—2P,+2P, 14— 6P, + 13P) — 7P3 —4P, — 5P,— P3 


Using the definition of adjoint of symbolic 3-plithogenic matrix we can modify the Theorem 2.5 as follows: 


Theorem 3.3. Let S = So + S,P, + S2P2 + S2P3 be a symbolic 3-plithogenic square matrix, then S is 
invertible if and only if det(S') is invertible and 

fp een 
detS , 


Proof. By Theorem 2.7, S is invertible if and only if det(S) is invertible. 


Also, 


1 q adj So adj (So Tr S) adj So adj (So a Si + So) adj (‘So ca ae Si) 
= cladjS) = 1 P» 
det S det So det (So Tr Si) det So det (So me Si + So) det (So Te Si) 
ia adj (So + $,4+ So + S3) adj (So +5, + So) P 
det(Sp + 51 +55 483). det(Sp + 5,450) | ° 
= Spy'+ [(So+S1)7* — Sp*] Pi + [(So + 51 + $2)" — (So + $1)~"] Pe 
+ [(So + 51 + S2 + $3)7* — (So + Si + S2)7*] P3 


= gs} 


Hence the result holds by Theorem 2.5. 
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Example 3.4. Consider the symbolic 3-plithogenic 2 x 2 matrix 


ge 14+P4+P4+P3; 54+P,—2P, 
~ \1+4P, — Po + 3P3 Pi + Ps 


_ Sei cos Pi + P3 —5-—P,+2P, 
Here, det S = —5 — 23P, + 15P_ — 7P3, and adjS = ( 1—4P, + Py —3P, oe) 
Hence, 
oe = : — (adj) 
det S 
= i Pi + P3 —5—P,+2P> 
5 — 23P, + 15P. — 7P3 -1-4P,4+FR-3P3 147)4+PR4+P 
—1 23 15 7 P,+ P3 —-5-P,+2P, 
= P. P. P. 
(5 * 740 1 364 2+ 960 ) (ae tee 14+ P+ P+ P3 
-1 15 | 34 Pp 28 
= (% 36412 603 1-5 3Pt t gil? 260 Ol 
5 Py} sea + 360 5 ity B+ BPs 


Remark 3.5. If X is a invertible symbolic 3-plithogenic square matrix and X~! is its inverse, then adj X = 
detX - X~}, 


Theorem 3.6. Let X = A+ BP, + CP, + DP3 andY = M+ NP, + SP: + RP3 be two symbolic 
3-plithogenic invertible square matrices. Then XY is also invertible and (XY)~+ = Y~!X7}. 


Proof. By Theorem 3.3, if X is invertible then 
det(A) # 0, det(A+ B) £0, det(A+B+C) £0and det(A+B+C+D) 0. 
Similarly, if Y is invertible then 
detM £0, det(M+N) £0, det(M+N+S)#0anddet((M+N+S5+4+R) 40. 
This implies that, 


det(AM) = detA detM 4 0 
det|(A + B)(M + N)] = det(A + B) det(M + N) £0 
ng 
= 


det|(A+B+C)(M+N+8)] =det(A+B+C) det(M+N+S) £0 
det|(A+B+C+D)(M+N+S5+4R)| =det(A+B+C+D) det(M+N+5+R) 40 


Now, 


det(XY) = det(AM) + |det((A+B)(M + N))|P, + [det((A+ B+C)(M +N +5S))|Pp 
+(det((A+ B+C+D)(M+N+S+R))|P3 £0 


and hence XY is invertible. Also by associativity of matrix multiplication, we have 


(XY)(Y-1X-}) = X(VY-1)X-) = XX-1 =U ayn 
(Y-1X-1)\(XY) =Y-1(X-1X)Y =Y—1Y = Unxn. 


Thus, (MN)-! = N-!M-}, 
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Theorem 3.7. Let X and Y be two m x m symbolic 3-plithogenic invertible matrices. Then the following 
properties holds. 


(1) det(adjX) = (detX)™—?. 
(2) adj(XY) = adjX adjY. 


( 
( 
(3) adj(X*) = (adjX)* for any positive integer k. 
(4) adj(X7) = (adjX)’. 

( 


(5) adj(adjX) = (detX)™-?X 


Proof. We can prove this results based on the properties adjoint of classical matrices. 


4 Characteristic Polynomial of Symbolic 3-Plithogenic Square Matrices 


We begin this section with the following definition. 


Definition 4.1. Let S = Sp + SP, + S2P2 + S3P3 be a symbolic 3-plithogenic n x n square matrix with 
real entries and A = Ag + Ay P, + A2 P2 + A3P3. The characteristic polynomial of S is defined as 


P(A) = a(A) + [B(A) — a(A)] Pi + [1(A) — BOY] Pa + [6(A) — 9(A)] Ps 


where, 
a(A) = det(So — Unxn) 
BIA) = det(Sp + Sy — AUnxn) 
yA) = det(So + $1 + Sg — AUnxn) 
d(A) = det (So + Si os So + S3 = Misc)’ 


Example 4.2. Consider the following symbolic 3-plithogenic 2 x 2 matrix: 


gf PPPS sha Py Aa Pi Bs 
~\ 344P,4+P; 1+ Pp 


with 


2 —] —1 
so= (5 We s+ 51 = (7 So +51 +52=(F 7) nd 5+ 51+ +5= (3 7 


Here, 
2—xX 1 
3 1-A 


eee det(S0 + $1 ~ arn) = (P57 yoy) == 448. 


a(rX) = det(So—AUnxn) = ( ) =)? =30—1. 


6-A -l 


(A) = det(So + 51 +82 — Man) = ( 7 2— 


)=¥-ar40 


60) = BASE Sheep) = e : p i) =F 3. Pads. 
Hence the characteristic polynomial of S'is 
o(A) = A -38A—14 [(A? — 40438) — (AX? — BA IP, + [(A? — 8A 419) — (A? — 4 + 38)] Po 


+((? — 7A + 18) — (A? — 84. + 19)]P3 
= M-3A-14+(-A+ 4P, + (-4A+16)P, + (A- 1B. 
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Theorem 4.3 (Symbolic 3-plithogenic Cayely-Hamilton Theorem). Every symbolic 3-plithogenic square 
matrix satisfies its characteristic polynomial. 


Proof. We can prove this result based on the Cayely-Hamilton theorem for classical matrices. 


Example 4.4. Consider the symbolic 3-plithogenic 2 x 2 matrix given in Example 4.2 


ga PtP HP Tor 
a 34+ 4P, + Ps 1+P, 


The characteristic polynomial of S' is A? — 3A — 1 + (—A +4) P, + (—4\ + 16) Po + (A — 1) P3. This implies 
that, 


(S? 39 —1)+(-9+4)P, + (—49 + 16)P. + (S —1)P3. 
= —P,+11P)— 9P3 —5 Py + P3 4 P, —3P,4+ P3 P» 
~ ATP, +28P,;-3P; 1-—3P,—7P,— Ps —7P,—P; 3P,—P, 


—8P,+4P; AP» 4P; —P3 
—~28P,—4P3 8P» 8P3  P3 


(5) 


_ (0 0 
>, SBOE 3G 
Hence, $(S) = 0. 


Remark 4.5. If S is a invertible symbolic 3-plithogenic matrix, then using Cayely-Hamilton theorem we can 
compute the inverse of S. See the following example. 


Example 4.6. Consider the symbolic 3-plithogenic 2 x 2 matrix 


ge 14+PR4+R-P3 -14+P 
— 1-P, 1+ 2P3 


with 


s=(; 7) s+ 5 = (5 S), So +51 +59= (7 ) and So +51 +5245 = (5 ) 


Here, 


1- dX —l 
a(A) = det{So— Mn) = (17% Th) = at aaee 
B(A) — det So TT Sy i M nxn) = ea 1 ° ,) — d? om 3A + 2. 
yA) = det(So+ $1 +82 — Won) = (75 poy) =e a4, 
2-r 0 ; 
5(A) = det(So + $1 + So + $3 — Unxn) = 0 ih = —5A+6. 


Hence the characteristic polynomial of S' is 


(A) a(X) + [B(A) — a(A)] Pi + [y(A) — B(A)] Pa 
(A? — 2\+2—A) + (-A)Py + (-A +1) Po + (-A + 3)P3. 


Now, by Cayely-Hamilton theorem we have $(A) = 0, we have, 


(S? — 28 + 2)S + (—S)P, + (-S + 1)P2 + (-S' + 3)P3 =0 
> 2+ Po+3P3 =—S?4+25+ 9P, +S Pp + SP3 
> (2+ Pp +3P3)SS-1 = —$7 +25 + SP, + SPp + SP3. 
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This implies that, 


g7 = ERAS, OT CTP + Pe + PsU nxn] 


_ 1 1+2P; Pj 
— 94 P,4+3P; \-14+R 14+7+2-P 


_ (1_lp _ 1p) (1+2Ps t=P, 
iain) 6 ia; ene ik 9 eh a oe es oe oe 2 


5 Conclusion 


In this work, the adjoint of symbolic 3-plithogenic square matrices was defined and the inverse of invertible 
symbolic 3-plithogenic square matrices was studied in terms of symbolic 3-plithogenic adjoint and symbolic 
3-plithogenic determinant. Also, we have presented the concept of the characteristic polynomial of symbolic 
3-plithogenic matrices and we have proved the symbolic 3-plithogenic version of of Cayley-Hamilton theorem 
with many examples that clarify the validity of this work. 


Funding: This research received no external funding. 
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